In the late 50's A. Van de Ven stated the following theorem ([VdV]): the only compact submanifolds with splitting tangent sequence of the projective space are linear subspaces. For a submanifold X of a projective manifold M the tangent sequence denotes the natural sequence 0 −→ T X −→ T M | X −→ N X/M −→ 0 mapping the tangent bundle of X into the restriction of T M to X. If the sequence splits, T X becomes a direct summand of T M | X . This means that the first linear approximations of X and M coincide in a neighborhood of X. The linear structure of P n then forces X to be a linear subspace. Most proofs of Van de Ven's theorem rely on this fact.
Introduction
In the late 50's A. Van de Ven stated the following theorem ( [VdV] ): the only compact submanifolds with splitting tangent sequence of the projective space are linear subspaces. For a submanifold X of a projective manifold M the tangent sequence denotes the natural sequence 0 −→ T X −→ T M | X −→ N X/M −→ 0 mapping the tangent bundle of X into the restriction of T M to X. If the sequence splits, T X becomes a direct summand of T M | X . This means that the first linear approximations of X and M coincide in a neighborhood of X. The linear structure of P n then forces X to be a linear subspace. Most proofs of Van de Ven's theorem rely on this fact.
Aim of this paper is to study submanifolds with splitting tangent sequence of a given projective manifold M . We will consider in particular homogeneous manifolds, for example quadrics or abelian varieties. A compact manifold M is homogeneous if and only if its tangent bundle is globally generated. Therefore any submanifold with splitting tangent sequence of a homogeneous manifold is again homogeneous.
The idea is to study positivity of the tangent bundle: if T M is "positive", then the quotient T X should be "positive" as well, telling us in turn hopefully something about the geometry of X. The main reason why this works out for homogeneous manifolds is the theorem of Borel and Remmert ( [BR] ): if M is a homogeneous manifold, then M decomposes as
where A is an abelian variety (corresponding to the "trivial part" of the tangent bundle) and G/P is rational homogeneous (the "positive" part of T M ). Rational homogeneous manifolds are quotients of semi-simple complex Lie groups and therefore completely classified in terms of Dynkin diagrams. For the abelian part we can show
Theorem 3.2 The tangent sequence of a submanifold of an abelian variety splits if and only if it is abelian.
The question arises, whether the analogous statement holds true for the positive part as well: Is a submanifold with splitting tangent sequence of a rational homogeneous manifold again rational homogeneous? So far we cannot deal with this question in general, but the answer turns out to be "yes" for all M considered here (and it is "yes" provided that the dimension of X, relative to some positivity of T M is big enough, see Proposition 2.2).
Theorem 4.10
The tangent sequence of a submanifold of dimension at least 2 of the quadric Q n splits, if and only if it is a linear subspace or a complete intersection subquadric. A curve in Q n with splitting tangent sequence is rational. Key of the proof is the fact that Q n and the projective space are the only projective manifolds X such that 2 T X is ample. This is a result of Cho and Sato ( [CS] ). But in our case we know moreover, that X is homogeneous, meaning that in fact we do not need that strong result, just using classification (which is of course in no way easier). Next consider Grassmannians:
Proposition 5.2 If X is a submanifold with splitting tangent sequence of a Grassmannian, then X is rational homogeneous.
One more homogeneous example is the flag manifold P(T P 2 ). In Proposition 5.5 we show, that the only submanifolds with splitting tangent sequence of P(T P 2 ) are sections of lines in P 2 corresponding to one of the two projections π i : P(T P 2 ) → P 2 . Finally we consider the blow-up P n (p) of P n in a point p, an almost homogeneous manifold, obtaining a very similar result:
Theorem 6.4 The tangent sequence of a submanifold X in P n (p) splits, if and only if one of the following holds: (i) X is a linear subspace of the exceptional divisor, (ii) X is the strict transform of a linear subspace in P n , (iii) X is the strict transform of either a smooth conic or a singular plane curve of degree 3 through p.
1.1 Notations and Conventions. All manifolds (varieties) are assumed to be projective and defined over C. Let X ⊂ M be a submanifold. Then the tangent sequence of
will be denoted by S X/M . If Z ⊂ X is a further submanifold, then we have another exact sequence
the normal bundle sequence of Z, X, M . By definition, a short exact sequence of vector bundles 0
The Picard number of a manifold X will be denoted by ρ(X). If X is rational homogeneous, the (positive) generators of Pic(X) are called fundamental divisors; if ρ(X) = 1, the fundamental divisor is denoted by Ø X (1). If E is a vector bundle on X, then P(E) is the projective bundle of hyperplanes in the sense of Grothendieck, P(E) is the projective bundle of lines. The canonical divisor will be denoted by K X .
1.2 Transitivity. Let Z ⊂ X and X ⊂ M be submanifolds. Then we have
We obtain by chasing the splitting obstruction in that diagram (or by constructing the splitting morphism directly):
1.) If S Z/M splits, that is the (horizontal) line in the middle, then S Z/X splits, that is the line on top.
2.) If S Z/X and S X/M both split, that are the top and the bottom (horizontal) lines, then the (vertical) normal bundle sequence splits. This implies that S Z/M splits. Note that it is obviously enough if S X/M splits on Z.
1.3 Fiber bundles. Let X ⊂ M be projective manifolds. If there exists an open neighborhood of X in M of the form X × U , then S X/M splits. In particular, if π : M → Y is a generic fiber bundle with typical fiber X, then S X/M splits.
1.4 Projective bundles. Let E be a vector bundle on the projective manifold M and consider π : P(E) → M . Let X ⊂ P(E) be a submanifold with splitting tangent sequence, such that the image π(X) ⊂ M is smooth. We have
If (i) α = id or (ii) α = 0, δ = id and ψ • β = 0, we can easily construct a well-defined splitting map ϕ. Hence S X/P(E) splits if one of the following holds: (i) X = P(E| π(X) ) or (ii) π| X : X → π(X) is an isomorphism and Hom(T P(E)/M | X , T X ) = 0. Assume conversely that X ⊂ M is a submanifold with splitting tangent sequence. Then S X ′ /P(E) splits if either X ′ = P(E| X ) or X ′ is a section of X in P(E).
1.5 Blowing up. Let X ⊂ M be a submanifold with splitting tangent sequence. Let Y ⊂ M be a submanifold of codimension at least 2 intersecting X in codimension at least 2. Define M Y = Bl(M, Y ), the blow-up of M along Y , and X Y = Bl(X, X ∩ Y ). Then S XY /MY splits. Indeed: the exceptional locus of the blow-up ϕ :
where F and F X denote the cokernels. Since the second blow-up ϕ X : X Y → X is the restriction of ϕ to X Y , we have ρ X = ρ| XY and ψ X = ψ| XY . The existence of the splitting morphism indicated in the diagram is hence obvious.
Positivity of the tangent bundle
From now on, let M = G/P be a rational homogeneous manifold. Then M is in particular a Fano manifold; we denote its index by ind(M ), i.e.
where H ∈ Pic(M ) is ample and ind(M ) is chosen maximal with this property. The tangent bundle of any homogeneous manifold M is globally generated; we denote the associated morphism by Φ M ,
After Stein factorization we may assume that the fibers of Φ M are connected.
If the maximal dimension of a fiber of Φ M is k, then T M is called k-ample by Sommese ([So] ). This is equivalent to saying that k is the maximal dimension of a subvariety of M , where T M has a trivial quotient. Note that k-ample vector bundles behave just like ample ones (see [So] ): quotients of a k-ample vector bundle are again k-ample, and there is a cohomological criterion for k-ample bundles as well. Goldstein computed the co-k-ampleness ca(M ) = dim(M ) − k for any rational homogeneous manifold M in [G] . We use the number k to characterize positivity. Springer and Steinberg have studied the morphism Φ M and its fibers in [St] and [Sp] , as well as Goldstein did in [G] . Some of their results are the following:
• all irreducible components of a fiber have the same dimension,
• Goldstein computed the number of components of a fiber of maximal dimension ( [G] , § 5),
• if a fiber is not irreducible, then any two irreducible components are connected by a section of an α-line in M ,
• if all roots of G have the same length, then the general exceptional fiber is a Dynkin curve.
An α-line is a smooth rational curve C on M , such that C.H i = 1 for exactly one of the fundamental divisors H i ∈ Pic(M ), and C.H j = 0 for j = i. Since G is semi-simple, we may write M ≃ G 1 /P 1 × · · · × G s /P s with simple Lie groups G 1 , . . . , G s . Assume for simplicity G is already simple. Fix a Borel subgroup in G, and a system {α 1 , . . . , α l } of simple roots. Then the parabolic subgroup P is conjugated to some standard parabolic subgroup P (α i1 , . . . , α ir ). To each of the α ij corresponds one fundamental divisor H ij . Let P (α ij ) be the minimal parabolic subgroup associated to α ij . Then the quotient gP (α ij )P/P defines an α-line C ij in G/P for any g ∈ G and any 1 ≤ j ≤ r with C ij .H i k = δ jk (see [St] ). A Dynkin curve is a union of α-lines, one for each α ij .
Another way to characterize positivity is to study exterior powers of T M . The tangent bundle itsself is not ample if M = P n , but its determinant −K M , the highest exterior power, is. We may hence ask for the minimal l, such that l T M is ample. Note that this implies that j T M is ample for all j ≥ l. By Mori's theorem, l = 1 implies M ≃ P n , and Cho and Sato have proved in [CS] that l = 2 holds true for dim(M ) ≥ 3 if and only if M ≃ Q n . For general (non-homogeneous) Fano manifolds it is not known, if it is possible to give an estimate for l in terms of index and dimension of M (see [P] , (2.12.)). But for homogeneous M we will see that it is not difficult to compute l. First we prove the following easy, but nevertheless useful statement:
2.2 Proposition. Let M be rational homogeneous and X ⊂ M a submanifold with splitting tangent sequence. Let k, l be the minimal numbers, such that
Corollary. In the situatuion of the proposition, let
X ≃ A × G/P be the Borel-Remmert decomposition of X. Then dim(A) ≤ min(k, l − 1).
Proof of Proposition 2.2. Assume first dim(X)
If dim(X) ≥ l, then l T X is ample, since the splitting gives surjective maps
2.4 Remark. For rational homogeneous M , the numbers k, l from the proposition are related to the index of M as follows:
Comparing his results with ind(M ), for example found in [A] , we obtain
Equality holds if ρ(M ) = 1 and the Lie group G defining M is of type A l or C l . There are many other cases, where equality holds, but in general not (see [J] ).
Then H is very ample, since M is rational homogeneous by [RR] . Consider the embedding
. Take exterior powers of the natural surjection Ω
(2.5)
Let on the other hand
, where H i are the fundamental divisors. Then k i ≥ 1 for all i. Let k i0 be a mimimal coefficient. Let C be an α-line in M corresponding to that i 0 , as described above. Then C is a smooth rational curve and
, and we have equality in the inequality (2.5).
Proposition 2.2 and the following sections suggest, that submanifolds with splitting tangent sequence of a rational (hence Fano) homogeneous manifold tend to be rational homogeneous as well. The following example shows that this definitely fails, if we drop the assumption to be homogeneous: 2.7 Example. We construct a Fano 3-fold M , which contains a non-Fano surface X with splitting tangent sequence: let l 1 , l 2 , l 3 be three disjoint lines in P 3 . Define a further line l ⊂ P 3 meeting each line in a point p i , and let L ⊂ P 3 be a linear subspace containing l, and meeting the union l 1 ∪ l 2 ∪ l 3 exactly in the three points p 1 , p 2 , p 3 . Define M and X to be the blow-up of P 3 and L in the three lines and the three points, respectively. Then M is a Fano threefold, the surface X ⊂ M is not Fano, but the tangent sequence of X in M splits by 1.5 and Van de Ven's theorem (the situation of course exists).
Projective space and complex tori
We will start by reproving Van de Ven's result using Mori's theorem. This is of course a strong result, but Van de Ven's theorem is then a rather easy application. There are many different ones in the literature, see for example [L] , [MR] , or [MP] . Working on projective connections, I. Radloff and the author found in [JR] an even shorter proof of Van de Ven's theorem as the one formulated here. Nevertheless, the proof there uses Mori's theorem as well.
Theorem [Van de Ven]. The tangent sequence of a submanifold of the projective space splits, if and only if it is a linear subspace.
. By Bott's formula, H 1 (X, T X (−1)) = 0, hence S X/P n splits. 2.) For the converse let X ⊂ P n be a submanifold with splitting tangent sequence. Then T X is a quotient of T P n , hence ample. By Mori's theorem ( [M] ), X is a projective space. It remains to show that the degree of X in P n is 1. Assume first that X is a rational curve of degree d. Then the splitting type of T P n on X is (2, a 2 , . . . , a n ), the "2" corresponding to the tangent bundle of X ≃ P 1 . From the Euler sequence we deduce d ≤ 2. Assume d = 2. Then the embedding X ֒→ P n factorizes over the Veronese embedding X ֒→ P 2 ⊂ P n . By 1.2, S X/P 2 splits. Consider the (dual) Euler sequence
Obviously, α is an isomorphism on H 0 -level. It remains surjective after restricting to X, since the map
, contradicting the splitting. Assume now dim(X) > 1. We have already seen that X ≃ P m , hence X contains a line l. By 1.), the tangent sequence of l in X splits. Then S l/P n splits as well by 1.2. Our result for curves just proved now shows deg P n (X) = deg P n (l) = 1.
2
Next we consider compact complex manifolds with trivial tangent bundle, called parallelisable. A parallelisable Kähler manifold is a complex torus, in the projective case it is an abelian variety.
Theorem. The tangent sequence of a submanifold of a parallelisable manifold splits, if and only if it is parallelisable.
Proof. The proof relies on the following general fact on vector bundles (see for example [Sch] , § 5, Exercise): a globally generated vector bundle E with trivial determinant on some manifold X is trivial. Indeed: since E is globally generated, we have a surjective map from a trivial bundle Ø r X onto E. On the other hand, E * ≃ rk(E)−1 E is globally generated as well, in particular has a section. This gives a map E → Ø X . We get a non-zero map Ø r X → Ø X , which is hence surjective and admits a splitting. We have proved E ≃ E ′ ⊕ Ø X . Moreover, E ′ is again globally generated with trivial determinant. We proceed by induction on the rank.
1.)) Let now X be a submanifold of the parallelisable manifold M with splitting tangent sequence. Then T X is globally generated, so we just have to prove that det(T X ) = −K X is trivial. Obviously, −K X is globally generated. On the other hand, K X is globally generated by adjunction formula, implying that K X is in fact trivial.
2.)) If X is a parallelisable submanifold of M , then the normal bundle of X in M is globally generated with trivial determinant, hence trivial. So the tangent sequence is a sequence of trivial bundles, which must be split. 2
Quadrics
Let Q n ⊂ P n+1 be the n-dimensional quadratic hyperplane. We will show that the list of submanifolds with splitting tangent sequence consists (almost) of what one expects from Van de Ven's theorem: linear subspaces and complete intersections of hyperplanes. Only curves match not exactly in that scheme, they are all rational, but may have higher degree (see Example 4.9).
For n ≥ 3, the quadric Q n is rational homogeneous with ρ = 1. The generator of Pic(Q n ) will be denoted by Ø Qn (1) = Ø P n+1 (1)| Qn ; by adjunction formula, Ø Qn (−K Qn ) = Ø Qn (n); by [G] , T Qn is 1-ample. From the surjective map Ω 1 P n+1 → Ω 1 Qn → 0 and the Euler sequence on P n+1 we deduce
3 . The splitting type of T Qn on a line l in Q n is
In particular, S l/Qn splits.
For n = 2 the situation is slightly different since Q 2 ≃ P 1 × P 1 has Picard number 2. We will therefore consider this case seperately: Proof. Let C ⊂ Q 2 be a smooth curve. If S C/Q2 splits, then C is homogeneous, hence rational or elliptic.
is the sum of two line bundles of degree 4. Since T C is trivial, this contradicts the splitting.
For the converse, let C ⊂ Q 2 be a rational curve of degree d. Proof. We have already seen the case n = 2, hence assume n ≥ 3. Let X ⊂ Q n be a submanifold with splitting tangent sequence. Then X is homogeneous, hence X ≃ A × G/P , A abelian, G/P rational homogeneous. Identify a fiber of the projection X → G/P with A. Then S A/Qn splits by 1.2. The induced section A ′ of A in P(T Qn ) will be contracted to a point by Φ Qn , since T A is trivial. This shows dim(A) = 0. 2
Proof of Proposition 4.4.
By [G] , § 5, an exceptional fiber of maximal dimension is irreducible. But T Qn is 1-ample, hence all exceptional fibers are irreducible curves.
Since T Qn has a trivial quotient on every line l by (4.2), the corresponding section of l in P(T Qn ) is contracted to a point by Φ Qn . Conversely, let F ⊂ P(T Qn ) be any exceptional fiber of Φ Qn . Then F is mapped isomorphically to some irreducible curve C ⊂ Q n , rationally equivalent to the line l, i.e. Ø Qn (1).C = Ø Qn (1).l = 1.
(4.6)
We claim that C is a line: let L ⊂ P n+1 be the smallest linear subspace of
from the ideal sequence of C in L. Let µ :C → C be the normalization of
Back to (4.7), we have proved dim(L) = 1, meaning that C is indeed a line. 2 4.8 Rational curves of low degree in Q n . Let C ⊂ Q n be a rational curve of degree d ≤ 3. Let L ⊂ P n+1 be the smallest linear subspace containing C. Then dim(L) = d and C is projectively normal embedded by the full linear system Ø C (d) (which is in general not true for d ≥ 4), meaning the restriction map
. Assume now that the tangent sequence of C in Q n splits. This is always the case if C is a line. For d ≥ 2 see the following Example 4.9. Let (a 1 , . . . , a n−1 ) be the splitting type of N C/Qn . Then a i ≤ d + 1 for all i and ⊕ ai≥d+1 Ø C (a i ) ֒→ N C/L . Since the cokernel of this injective map is free and it cannot be an isomorphism for deg(N C/L ) = (d − 1)(d + 2), there are at most rk(N C/L ) − 1 = d − 2 of the a i 's greater than d. Summing up the a i 's, we find the splitting type of T Qn | C is (0, 1, . . . , 1, 2), (2, . . . , 2) and (2, 3, . . . , 3, 4) for d = 1, 2 and 3, respectively. 4.9 Example. For n ≥ 6 we construct rational curves of given degree d ≥ 2 in Q n , with splitting tangent sequence and with non-splitting one: consider two submanifolds with splitting tangent sequence in Q n : a smooth 2-dimensional complete intersection subquadric, and a 3-dimensional linear subspace (which exists for n ≥ 6). Both of them contain rational curves of arbitrary degree d. The tangent sequence of any rational curve in the subquadric splits, whereas the tangent sequence of a rational curve of degree d ≥ 2 in the linear subspace does not. Proof. 1.) If X ≃ P m is a linear subspace of Q n , then S X/P n+1 splits by Van de Ven's theorem, hence S X/Qn splits by 1.2. Let Q m ⊂ Q n be a complete intersection subquadric, i.e. N Qm/Qn = Ø Qm (1) ⊕(n−m) . By [Sn] , H 1 (Q m , T Qm (−1)) = 0, hence S Qm/Qn splits by h 1 -criterion. 2.) Let X ⊂ Q n be a submanifold with splitting tangent sequence. Then X is rational homogeneous by Corollary 4.5. In particular, if dim(X) = 1, then X is a rational curve. Assume dim(X) = m ≥ 2. From the splitting T Qn → T X → 0 we obtain that 2 T X is ample, using (4.1). It follows X ≃ P m or Q m : for m = 2 this is clear, since P 2 and P 1 × P 1 are the only rational homogeneous surfaces. For m ≥ 3, Cho-Sato's result applies ( [CS] ): the projective space and the quadric are the only projective manifolds X, such that 2 T X is ample (see Remark 4.11 for an alternative argument).
To complete the proof we have to determine the embeddings.
Let l ⊂ X be a line in X. Then S l/X splits and Ø Qn (1).l = d. From 1.2, we get: S l/Qn splits, and the normal bundle sequence
splits as well. Let (a m+1 , . . . , a n ) be the splitting type of N X/Qn on l. The splitting type of N l/X is either (1, . . . , 1), if X ≃ P m , or (0, 1, . . . , 1), in the case X ≃ Q m . Denote the splitting type of T Qn | l by (t 1 , . . . , t n ). Then (t 1 , . . . , t n ) = (1, . . . , 1, 2, a m+1 , . . . , a n ) or (0, 1, . . . , 1, 2, a m+1 , . . . , a n ), if X ≃ P m or Q m , respectively. In 4.8 we have proved: (t 1 , . . . , t n ) = (2, . . . , 2) and (2, 3, . . . , 3, 4) for d = 2, 3, respectively. This shows d = 2, 3. The map from (4.1) gives
Since m ≥ 2, we have t 1 + t 2 ≤ 3. The only remaining possibility is d = 1. If X ≃ P m , we are already done, for X ≃ Q m , we have to show that X is a complete intersection of hyperplanes.
Let i : X ֒→ Q n be the embedding, and consider X ⊂ P m+1 as a hypersurface of degree 2. Since H 0 (X, Ø X (1)) ≃ H 0 (P m+1 , Ø P m+1 (1)), and
it is possible to extend i to P m+1 . Hence X ⊂ P m+1 ⊂ P n+1 , where the last P n+1 is the one containing Q n as a hypersurface, and P m+1 ⊂ P n+1 is a linear subspace. This linear subspace P m+1 cannot be contained in Q n : if it were, then the splitting of S X/Qn would imply the splitting of S X/P m+1 , which is not possible. It follows that X is the complete intersection of Q n and the linear subspace P m+1 in P n+1 . 2 4.11 Remark. In the proof of the Theorem, we used Cho-Sato's result to conclude that X ≃ P m or Q m in the case of splitting. Since we already know, that X is rational homogeneous, we may as well use classification: let −K X = i k i H i , H i ∈ Pic(X) the fundamental divisors. Then the ampleness of 2 T X implies min i (k i ) ≥ dim(X) by (2.6) in Remark 2.4. Now check the list for the k i , which can be found for example in [A] , to varify that in fact X = P m , Q m are the only rational homogeneous manifolds with this property.
Grassmannians and P(T P 2 )
The Grassmannian G = Gr(k, n + 1) of k-dimensional subspaces of C n+1 is rational homogeneous with ρ = 1. The dimension of G is k(n + 1 − k), and by [G] , T G is (k(n + 1 − k) − n)-ample.
5.1
The fibers of the morphism Φ G . There is a nice description pointed out by F.-O. Schreyer to me: denote the trivial bundle on
Let U ⊂ V be the universal subsheaf and Q the universal quotient sheaf. Then T G = Hom(U, Q), and the projective bundle P(T G ) consists of all pairs (U, [ϕ]) with U ⊂ V , dim(U ) = k, ϕ ∈ Hom(V /U, U ) and ϕ ≡ 0. Thus, by composing inclusion and projection, there is a natural inclusion
Hence Φ G = f • j and the fiber over a point [ϕ 0 ] ∈ P(Hom(V, V )) is just the set of all pairs (U, [ϕ]) ∈ P(Hom(Q, U)), such that j(ϕ) = ϕ 0 , i.e., all U ∈ G with im(ϕ 0 ) ⊂ U ⊂ ker(ϕ 0 ). The exceptional fibers of Φ G are isomorphic to Gr(k − r, n + 1 − 2r), 1 ≤ r ≤ k − 1. This implies:
5.2 Proposition. Let G = Gr(k, n+1) be a Grassmann manifold. If X ⊂ G is a submanifold with splitting tangent sequence, then X is rational homogeneous.
Proof. Let X ⊂ G be a submanifold with splitting tangent sequence. Then X is homogeneous, hence X ≃ A × G/P , A abelian and G/P rational homogeneous. Assume dim(A) > 0. Identify a fiber of the projection X → G/P with A. Then S A/G splits by 1.3. The surjection
, which is contracted to a point by Φ G . But all exceptional fibers of Φ G are Grasmannians as seen in 5.1, meaning that there exists a strictly smaller Grassmannian G ′ ⊂ G that contains A. By 1.2, S A/G ′ splits. We proceed by induction on the dimension of G. Since the smallest Grassmannian is a P 1 , we finally get dim(A) = 0. 2
The flag manifold P(T P n ) is rational homogeneous with ρ = 2. It may be realized as a divisor of bidegree (1, 1) in P n × P n . The projections are denoted by π 1 , π 2 : P(T P n ) → P n ; the two fundamental divisors are L i = π * Ø P n (1). The case n = 2 is particularly easy, since we may determine the fibers of Φ P(T P 2 ) as in the case of Grassmannians. The reason is the small dimension, namely 3.
5.3
The fibers of the morphism Φ P(T P 2 ) . By [G] , T P(T P 2 ) is 1-ample and all exceptional fibers of Φ P(T P 2 ) are the union of two irreducible curves, which are connected by an α-line. By the construction of α-lines described in section 2, the α-lines in P(T P 2 ) are exactly the fibers of the two projections π i . Hence every fiber F may be written as
where F 1 is a fiber of some π i , say π 1 , and the second component F 2 is irreducible. Moreover, by [St] , Remarks 2.6, the general exceptional fiber of Φ P(T P 2 ) is a Dynkin curve, that is the union of an α 1 -and an α 2 -line (this result of Steinberg applies, since the Lie group defining P(T P 2 ) is the group Sl(3, C), where all simple roots have the same length). Hence F 2 is a fiber of π 2 , if F was general. This remains true for any F by numerically equivalence of the fibers. The same argument as in Proposition 5.2 shows:
5.4 Corollary. If X ⊂ P(T P 2 ) is a submanifold with splitting tangent sequence, then X is rational homogeneous.
Proposition.
The tangent sequence of a submanifold X of P(T P 2 ) splits if and only if X is a section of a line in P 2 , corresponding to π 1 or π 2 .
Proof. By Corollary 5.4, the tangent sequence of X in P(T P 2 ) does not split if X is not rational homogeneous. It is hence sufficient to consider rational curves, or surfaces isomorphic to P 2 or P 1 × P 1 . Denote P(T P 2 ) = M for short. 1.) Let X be a rational curve. Let L 1 .X = a and L 2 .X = b with a ≥ b. If b = 0, then X is a fiber of π 2 , hence a = 1, X is a section of the line π 1 (X) ⊂ P 2 , and S X/M splits by 1.3. If b = 1, then π 2 maps X isomorphically onto a line in P 2 and S X/M splits by 1.4. Assume b = 2. We will show that S X/M does not split in this case. Since π * 2 Ø P 2 (1).X = 2, π 2 | X is either a 2:1-covering of a line or an isomorphism onto a smooth conic in P 2 . In the latter case we are done, since the tangent sequence of a conic in P 2 does not split. If π 2 (X) is a line in P 2 , then X is contained in the rational ruled surface
Assume that S X/M splits. Then S X/Σ splits. Consider Σ as the blow-up in a point ϕ : Σ → P 2 , the map ϕ defined by | Ø Σ (1) ⊗ π 2 | * Σ Ø P 1 (−1) |. Then X does not meet the exceptional divisor, hence X ≃ ϕ(X) is a smooth conic in P 2 . This contradicts the splitting of S X/Σ by Proposition 6.4 from the last section.
Assume finally a ≥ 3 and the splitting of S X/M . We are done if this implies b ≤ 2. Let (n 1 , n 2 ) and (t 1 , t 2 ) be the splitting type of N X/M and π * 2 T P 2 | X , respectively. From the Euler sequence on P 2 we deduce t i ≥ b, for i = 1, 2. Computing determinants in the relative tangent sequence corresponding to π 2 we get T M/P 2 | X = Ø X (2a − b). The dual sequence twisted by Ø C (2) then yields 2 − s = 0 or 2 − t = 0, hence b ≤ 2 as claimed.
2.) Assume X ⊂ M is a surface with spliting tangent sequence. From the ideal sequence we get h
Then the above vanishing implies
This is only possible if b < 2 by Künneth's formula. If b = 0, then there exists a smooth curve C ∈ | Ø P 2 (a) |, such that X = P(T P 2 | C ). We are hence in the case X ≃ P 1 × P 1 , meaning C ⊂ P 2 is a conic. This contradicts the splitting. Therefore b = 1. Then π 2 | X : X → P 2 is an isomorphism, i.e. K X = −3L 2 | X . By adjunction formula,
We deduce a = 1, since a ≥ b ≥ 1 by assumption, and L 2 | X is ample. Then π 1 : X → P 2 is an isomorphism and
6 Blow-up of P n in a point
The blow-up P n (p) of P n in a point p ∈ P n is not homogeneous but almost homogeneous. Main tool to determine all submanifolds with splitting tangent sequence is the classification theorem of Huckleberry and Oeljeklaus for almost homogeneous varieties with exceptional locus a point ( [HO] ).
Denote the blow-up of P n in p by ϕ :
n (p) with the projective bundle P(Ø P n−1 ⊕ Ø P n−1 (1)). The tautological line bundle of P(Ø P n−1 ⊕ Ø P n−1 (1)) is ϕ * Ø P n (1). We have
Let X be a submanifold with splitting tangent sequence, not contained in E. Obviously, there are vector fields on P n with zero in p which generate T P n outside p. These generate T P n (p) outside E and the same holds true for the quotient bundle T X . Therefore X and ϕ(X) are almost homogeneous varieties with exceptional locus contained in E and {p}, respectively. We will start considering curves:
6.1 Curves in P n (p) with splitting tangent sequence. Let C ⊂ P n (p) be a smooth curve with splitting tangent sequence. If C is contained in E or does not meet E, then C is a line in E or the strict transform of a line in P n , respectively.
Assume C meets E in points. Then H 0 (C, T C ) = 0 from the splitting as above. This implies g(C) ≤ 1. Since the intersection with E is not empty, there are vector fields with zeroes on C, hence g(C) = 0 and E.C ≤ 2. Define
Let (t 1 , . . . , t n−1 ) be the splitting type of π * T P n−1 | C . Pulling back the Euler sequence shows t i ≥ d − k for all i. Consider the relative tangent sequence
Computing determinants shows
From the splitting we have a "2" in the splitting type of T P n (p) | C . Then either d = k = 1, or there is at least one t i = 2. Hence 0 ≤ d − k ≤ 2 as claimed. We consider the cases d − k = 0, 1, 2 seperately, having in mind that k = 1, 2.
C is a fiber of π, that is the strict transform of a line in P n . Hence S C/P n (p) splits. The case d = k = 2 is not possible.
2.) d − k = 1. We claim that S C/P n (p) splits. Ths morphism π| C is defined by sections from | π * Ø P n−1 (1)| C | = | Ø C (1) |, hence C maps isomorphically to a line in P n−1 . Then C is the canonical section of the rational ruled surface Σ = P(Ø P n−1 | π(C) ⊕ Ø P n−1 (1)| π(C) ) = P(Ø P 1 ⊕ Ø P 1 (1)).
Consider the relative tangent sequence
Computing determinants as in (6.2) we get T Σ/P 1 | C = Ø C (d + k), which is ample, and π| * Σ T P 1 | C = T C = Ø C (2). Then (6.3) splits by h 1 -criterion, i.e. T Σ | C = T C ⊕ Ø C (d + k). This proves the splitting of S C/Σ .
Consider Σ as the blow-up in p of a linear subspace L ≃ P 2 in P n . Then S Σ/P n (p) splits by 1.5. The claimed splitting of S C/P n (p) follows by 1.2. Moreover, the image ϕ(C) is contained in L and is there a divisor from | Ø L (d) |. If k = 1, then d = 2 and ϕ(C) is a smooth conic in L ⊂ P n , since it cannot be a line pair. If k = 2, then d = 3 and ϕ(C) is a singular curve of degree 3 in L ≃ P 2 .
3.) d − k = 2. We will show that S C/P n (p) cannot split in this case. Since π * Ø P n−1 (1).C = 2, π| C is either an isomorphism on a smooth conic in P n−1 , or a 2:1-covering of a line. Assume the latter case. Then C is contained in thewhere I is a (not necessarily reduced) ideal sheaf of p ′ in X ′ . That means I k p ′ /X ′ ⊂ I ⊂ I p ′ /X ′ (6.5) for some k ≥ 1 (with I p ′ /X ′ reduced). On the other hand, ψ is the blow-up of the reduced ideal sheaf I p ′ /X ′ by construction. The existence of the morphism f follows by the universal property of blowing up, if ψ −1 I · Ø Z is locally free. From (6.5) we get
The varieties defined by the ideal sheaves ψ −1 I p ′ /X ′ · Ø Z and ψ −1 I k p ′ /X ′ · Ø Z are Q 0 and kQ 0 , respectively. Then ψ −1 I · Ø Z defines some variety contained in kQ 0 and containing Q 0 , which is hence a Cartier divisor, since Z is smooth. We have proved the existence of f .
Next claim is that f is an isomorphism. Obviously, f is an isomorphism outside Q 0 and E ∩ X, i.e. f is birational. If f is not an isomorphism, the exceptional set of f is a divisor, since X and Z are smooth. Then it must be Q 0 , since Q 0 is irreducible. But Q 0 cannot be contracted to something of lower dimension, since f is surjective, meaning that Q 0 maps onto E ∩ X, which is a divisor in X. From now on, we will identify Z and X. We have seen in particular, that Ø Z (Q 0 ) = Ø X (E).
From the construction, Ø Z (Q 0 ) = ρ * L * ⊗ Ø Z (1) = ρ * L * ⊗ ψ * µ * Ø P n (1), and Ø X (E) = π * Ø P n−1 (−1)| X ⊗ ϕ * Ø P n (1)| X . We get ρ * L = π * Ø P n−1 (1)| X and we can identify the maps ρ and π| X . This shows: π(X) ≃ Q is smooth and X ≃ P(Ø P n−1 ⊕ Ø P n−1 (1)| π(X) ). By 1.4, the splitting of S X/P n (p) then implies the splitting of S π(X)/P n−1 , which is only possible if π(X) ≃ P m−1 is a linear subspace by Van de Ven's theorem. Then X ≃ P(Ø P m−1 ⊕ Ø P m−1 (1)) = P m (p) is the blow-up in the point p of a linear subspace P m in P n . 2
